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Abstract—In various practical systems, certain data patterns
are prone to errors if written or transmitted. Constrained codes
are used to eliminate error-prone patterns, and they can also
achieve other goals. Recently, we introduced efficient binary
symmetric lexicographically-ordered constrained (LOCO) codes
and asymmetric LOCO (A-LOCO) codes to increase density
in magnetic recording systems and lifetime in Flash systems
by eliminating the relevant detrimental patterns. Due to their
applications, LOCO and A-LOCO codes are associated with
level-based signaling. In this paper, we first modify a framework
from the literature in order to introduce a method to derive
the power spectrum of a sequence of constrained data associated
with level-based signaling. We then provide a generalized method
for developing the one-step state transition matrix (OSTM) for
finite-length codes constrained by the separation of transitions.
Via their OSTMs, we devise closed form solutions for the spectra
of finite-length LOCO and A-LOCO codes.

I. INTRODUCTION

When Shannon introduced the concept of coding for con-
strained channels in 1948, he represented a constrained se-
quence via a finite-state transition diagram (FSTD) and showed
how the capacity can be derived [1]. About 20 years later, re-
searchers began using constrained codes in magnetic recording
(MR) devices to increase their density [2]. In data storage and
transmission, deriving the power spectral density (PSD) of a
random stream of data/codewords constrained by forbidding
error-prone patterns after signaling is important in the infinite
and more importantly the finite-length scenarios. The PSD
reveals to the system designer how power is distributed across
different frequencies [5], [6]. It identifies properties such as the
average power of the stream at DC, stream bandwidth, and any
discrete power component resulting from the periodicity of the
auto-correlation function [5]. These properties are considered
when choosing a particular coding scheme to use.

We develop a method for calculating the PSD of any finite-
length binary code constrained by the separation of its bit
transitions and associated with level-based (NRZ) signaling.
This includes LOCO codes, where separations between tran-
sitions are restricted regardless of bit values, as well as A-
LOCO codes, where only separations between particular tran-
sitions are restricted. LOCO codes find application primarily
in MR and communication over transmission lines, where data
patterns require sufficiently separated transitions to minimize
interference. Whereas, A-LOCO codes find application in two-
level (SLC) Flash memory, where data patterns causing high-
low-high charge levels on adjacent cells are error-prone.

II. PSD DERIVATION FOR CODES WITH NRZ SIGNALING

Gallopoulos et al. presented a method to calculate the spec-
trum of any run-length-limited (RLL) code with non-return-
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to-zero inverted (NRZI) signaling based on its FSTD [6]. We
modify their method to address binary constrained codes as-
sociated with non-return-to-zero (NRZ) signaling. A summary
for deriving the OSTM is given in the following steps:

1) Derive the FSTD that generates a valid code sequence
{Xn} of binary data satisfying the system constraints
while tracking the probabilities of each transition.

2) Derive the one-step state transition diagram (OSTD) by
assigning states only to the vertices where the most
recent generated bit is a 1. The edges of the OSTD define
the number of transitions it takes to get from one state
to the next according to the FSTD. Maintain record of
the probabilities associated with these edges.

3) Generate the one-step state transition matrix (OSTM)
G(D) from the known edge probabilities and run
lengths defining the OSTD. The general entry Gij(D)
is given by Gij(D) =

∑∞
t=1 pij(t)D

t, where pij(t) is
the probability of transiting from state i to state j in
the OSTD and t is the run length of that transition.
D is defined as the complex exponential ei2πfT with
frequency f and bit interval T .

More details can be found in [7].
We adopt the following signal generation scheme:

{Xn}
NRZ−−−−→

signaling
{Yn}

Pulse−−−−→
shaping

W (t). (1)

Though the write signal W (t) is often the signal of interest,
our method also calculates the PSD of the intermediate signals
{Xn} and {Yn} in case the application considered utilizes the
discrete signal prior to or after NRZ signaling. An example of
this would be using the PSD of {Xn} to evaluate the spectral
properties of the written signal in solid-state media.

Theorem 1. The power spectrum SX(D) of process {Xn} is

SX(D) = p(1)π
[
(I−G(D))−1+ (I−G(D−1))−1− I

]
uT,
(2)

where p(1) is the equilibrium probability of a 1 in {Xn}, π
is the stationary distribution of G(1), I is the identity matrix
of the same size as G(D), and u is an all-one vector.

Note that finite-length constrained codes result in cyclosta-
tionary processes (aside from the cyclic properties arising from
pulse shaping). This requires the PSD to be found by obtaining
its continuous and discrete portions separately. In those cases,
this theorem results in the continuous portion. Cyclostationar-
ity discussion and an example are provided in [7].

After NRZ signaling, the modulation sequence is {Yn} with
Yn = 2Xn − 1. Therefore, the PSD SY (e

i2πfT ) of {Yn} is

SY (e
i2πfT ) = 4SX(ei2πfT ) + [1− 4p(1)]δ(f). (3)
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Because the modulation pulse function is chosen as a rectan-
gular pulse, the PSD SW (f) of the write signal W (t) is

SW (f) = sinc2(πfT )T 2SY (e
i2πfT ). (4)

For f = 0, (4) becomes

SW (0) = T 2SY (1) = T 2 (4SX(1) + [1− 4p(1)]δ(0)) . (5)

We consider f to be the normalized frequency, i.e., T is 1.
For all coding schemes we consider except LOCO codes,

we obtain the PSD through (2), (3), (4), and (5). LOCO codes
require a three-level waveform because of their bridging [3].
The modified procedure for LOCO codes is discussed in [7].

III. SOLUTIONS FOR THE PSD OF ANY ACm,x OR Cm,x
To generate the FSTD/OSTM of a finite-length codebook

constrained by forbidding the patterns in the set Sx = {010,
101, 0110, 1001, . . . , 01x0, 10x1} (LOCO) or the set Ax =
{101, 1001, . . . , 10x1} (A-LOCO), we begin with a grid of
states where each column represents a bit position within the
codeword and its bridging pattern, and each row represents
a possible bit sequence consisting of the previous x bits and
the current bit. This results in a maximum of (m + x)2x+1

states. The derived OSTM, G(D), associated with this FSTD
is then used in Theorem 1 and its following discussion to get
the final PSD of the code. For classes of codes, patterns in
their OSTMs in terms of the code parameters can be used to
provide a general solution.

The general OSTM solution for any A-LOCO code ACm,x
defined by the parameters m (length of codeword) and x
(length of bridging pattern) is the m+ x square matrix

G(D) =


Am×m

0 D0D.
... D

...D.

0 D
...D.

ζD D.0D.
0 · · · · · ·
D 0 · · ·

0 DIx−1
· · · 0


, (6)

where ζ = N2(m,x)+N3(m,x)
N(m,x) . Here, the notation N(m,x),

N2(m,x), and N3(m,x) refers to the cardinality of ACm,x,
the cardinality of Group 2 in ACm,x, and the cardinality of
Group 3 in ACm,x, adopted from [4].

The entries of the submatrix Am×m, which are Ai,j , 1 ≤
i, j ≤ m, can then be found using a few rules. If j = i,
then Ai,j = β1,m+x. If j = i + 1 or j > i + 1 + x, then
Ai,j = λm+1−i,j−i−1D

j−i + βλm+1−i,j−i−1,m−i+j+x. If i +
2 ≤ j ≤ i + 1 + x, then Ai,j = βλm+1−i,j−i−1,m−i+j+x. If
j < i, then Ai,j = β 1

λm+1−j,i−j−1
,m−i+j+x. If i = m and

j = 1, then Ai,j = βζ,m+2x+1. Here, βa,b = aDb

N(m,x)−Dm+x

and λd,g =
∏g
k=0(1−

N3(d−k,x)
N2(d−k,x)+N3(d−k,x) ).

Since A-LOCO codes are asymmetric, and therefore have
cyclostationary processes with non-zero means, there is also a
discrete component to their PSDs (not shown in Fig. 1) occur-
ring at DC and integer multiples of the codeword normalized
frequency, 1

m+x . See also [7] for more results.
We also derive a generalized solution for the OSTM for

LOCO codes. A few examples of LOCO PSDs are provided

Fig. 1: The continuous component of various ACm,x spectra.

Fig. 2: The full spectra of various Cm,x.

in Fig. 2. Because LOCO codes are symmetric, they have no
discrete PSD component. More results are provided in [7].

IV. CONCLUSION

We introduced a method for deriving the power spectra
of constrained codes associated with level-based signaling.
Though our method can be applied to infinite-length codes
as shown in [7], we focused on generating the FTSD and
OSTM for finite-length codes so that the PSD can be calcu-
lated. We applied our method to finite-length A-LOCO and
LOCO codes. Our theoretical PSD results perfectly match the
experimental PSD results for all codes. We suggest that our
method and ideas can provide helpful insights to data storage
and data transmission engineers regarding different classes of
constrained codes they plan to employ.
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