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I. INTRODUCTION

The problem of constructing deletion/insertion correcting
codes was introduced by Levenshtein [1] and recently has
attracted an increasing attention due to their relevance to
the DNA-based data storage [2]. In [1], Levenshtein proved
that for any t-deletion correcting code C of length n, the
redundancy of C (defined as n − log |C |) is asymptotically
at least t log n+o(log n), and an optimal t-deletion correcting
code has redundancy at most 2t log n + o(log n).

The first class of single-deletion correcting codes with
redundancy log n + O(1) are the well-known Varshamov-
Tenengolts (VT) codes [3]. A decoding algorithm of the VT
codes was proposed in [1], and a systematic encoding algo-
rithm of the VT codes was proposed in [4], both have linear-
time complexity. Multiple-deletion correcting codes with small
asymptotical redundancy were studied in [5]−[10].

However, in many application scenarios, such as DNA data
storage and file synchronization, it is necessary to correct the
edit errors (i.e., the combination of insertions, deletions and
substitutions), which motivates the problem of constructing
codes that can correct insertions, deletions and/or substitutions.
A modified VT construction with redundancy log n + O(1)
was presented in [1] to correct a single edit. Quaternary codes
correctting a single edit for DNA data storage were considered
in [11]. In [12], a family of single-deletion single-substitution
correcting codes with redundancy 6 logn + 8 was constructed
using four VT-like parity check equations. The codes con-
structed in [10] are capable of correcting combination of in-
sertions, deletions and substitutions such that the total number
of insertions, deletions and substitutions is upper bounded by
k. Such codes have redundancy 4k log n + o(log n), which is
the best known construction with respect to redundancy.

In this paper, we study the problem of constructing single-
deletion s-substitution correcting codes, i.e., codes that can
correct any combination of a single deletion and up to s

substitutions. It was shown by Smagloy et.al. in [12] that
the redundancy r of such codes satisfies r ≥ (s + 1) log n +
o(log n). The main result of this paper is a construction of a
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family of single-deletion s-substitution correcting codes with a
systematic encoding function and with redundancy r satisfying
r ≤ (3s + 4) log n + o(log n). The encoding and decoding
complexity of the proposed codes are O

(

ns+3
)

and O
(

ns+2
)

,
respectively.

We use a set of higher order weight vectors, denoted by a(j),
j = 1, . . . , 2s + 1, to construct parity checks, where a(j) =
(

1j−1, 1j−1 + 2j−1, . . . ,
∑n

i=1 ij−1
)

. Similar weight vectors
are used in [9], [10] and [12]. According to the construction
in [10], there exist codes correcting a single deletion and s

substitutions with redundancy 4(s + 1) logn + o(log n). In
this work, by using a pre-coding function of BCH code and
the syndrome compression technique [13], our construction
achieves the redundancy of (3s+4) logn+o(log n), decreasing
by s log n compared to [10].

II. DELETION AND SUBSTITUTION CORRECTING CODES

Let t, s and L be positive integers such that t + s < L.
For any x ∈ {0, 1}L, Bt,s(x) denotes the set of all sequences
that can be obtained from x by deletion of t symbols and
substitution of at most s symbols. Let n be a positive integer.
A set C ⊆ {0, 1}n is called a code of length n. The code C

is called a t-deletion s-substitution correcting code if for any
c ∈ C , c can be correctly recovered from any y ∈ Bt,s(c).

Let C ⊆ {0, 1}n be a code and k ∈ [n] = {1, · · · , n}. A
set I ⊆ [n] of size |I | = k is said to be an information set
of C if for every x ∈ {0, 1}k, there is at least one codeword
c ∈ C such that cI = x, where cI is the subsequence of x by
deleting all symbols xj , j ∈ [n]\I . Clearly, k ≤ log |C |.

Clearly, if C has an encoding function E : {0, 1}k →
{0, 1}n, then the redundancy of C equals to n − k.

Lemma 1: For any positive integer k, there exists a positive
integer n0 and a function h : {0, 1}k → {0, 1}n0 such that
n0 − k ≤ s(log(n0) + 2) and C0 , {h(x) : x ∈ {0, 1}k} is a
systematic linear code of minimum distance at least 2s + 1.

III. CONSTRUCTION OF SINGLE-DELETION
s-SUBSTITUTION CORRECTING CODES

In this section, we propose a family of systematic single-
deletion s-substitution correcting codes. The length of the
information sequences is denoted by k, where k is a positive
integer. Let h : {0, 1}k → {0, 1}n0 be the function constructed
in Lemma 1. Then the encoding function of the proposed code,



denoted by E , is defined as

E(x)=
(

h(x), g(h(x)), Rep2s+2

(

f(g(h(x)))
)

)

, ∀ x ∈{0, 1}k,

(1)

where Rep2s+2(·) is the encoding function of the (2s+2)-fold
repetition code. The functions g : {0, 1}n0 → {0, 1}n1 and
f : {0, 1}n1 → {0, 1}n2 satisfy the following three conditions:

(C1) n1 = 2(s+2) log(n0)+o(log(n0)) and n2 = o(log(n0));
(C2) For every x ∈ {0, 1}k, h(x) can be recovered from

g
(

h(x)
)

and any given sequence in B1,s(h(x));
(C3) For every x ∈ {0, 1}k, g(h(x)) can be recovered from

f(g(h(x))) and any given sequence in B1,s(g(h(x))).
From any y ∈ B1,s(E(x)), x can be recovered as fol-
lows: First, we can obtain three sequences y(1), y(2), y(3)

such that y(1) ∈ B1,s(h(x)), y(2) ∈ B1,s(g(h(x))) and
y(3) ∈ B1,s

(

Rep2s+2(f(g(h(x))))
)

. Note that f
(

g(h(x))
)

can always be recovered from y(3). Then by condition (C3),
g
(

h(x)
)

can be recovered from f
(

g(h(x))
)

and y(2). Further,
by condition (C2), h(x) can be recovered from g

(

h(x)
)

and y(1). Finally, x can be recovered from h(x) by the
inverse function h−1 of h. Hence, the encoding function E
gives a single-deletion s-substitution correcting code. Since by
Lemma 1, h is a systematic encoding function, so E is also a
systematic encoding function. Moreover, by the construction,
the proposed code has length n = n0 + n1 + n2 ≥ n0, so
by Lemma 1 and condition (C1), its redundancy r satisfies
r ≤ n0 − k + n1 + n2 ≤ s(log(n0) + 2) + 2(s + 2) log(n0) +
o(log(n0)) ≤ (3s + 4) logn + o(log n).

Let L ≥ 3 be an arbitrarily fixed integer and ξ(L) = (s +
1)(2s+1) logL+(2s+1) log(2s+1). Then we can construct
a function f : {0, 1}L → {0, 1}dξ(L)e such that

f(x)j = x · a(j) mod (2s + 1)Lj , j ∈ {1, · · · , 2s + 1}.

The construction of f is similar to the Sima-Bruck-Gabrys
construction in [10]. For the case of t = 1, the construction
in [10] consists of 2(s + 1) + 1 = 2s + 3 components, that is,
f(x) =

(

f(x)1, f(x)2, . . . , f(x)2s+3

)

, while in this paper, we
prove that 2s + 1 components are sufficient, that is, we only
need f(x) =

(

f(x)1, f(x)2, . . . , f(x)2s+1

)

.
Let L = n and let Cr =

{

c ∈ {0, 1}n : f(c) = r
}

for any
fixed r = (r1, r2, . . . , r2s+1) ∈

∏2s+1
j=1

[

0, (2s + 1)nj − 1
]

.
Then we can prove that Cr is a single-deletion s-substitution
correcting code with redundancy r(Cr) satisfies r(Cr) ≤ (s +
1)(2s+1) log n+(2s+1) log(2s+1). For s = 1, Cr is a single-
deletion single-substitution correcting code with redundancy
r(Cr) ≤ 6 log n+3, which is similar to the Construction 11 of
[12], where an additional component f(x)0 =

∑n

i=1 xi mod 5
is used and the redundancy of the corresponding code is at
most 6 logn + 8.

For s ≥ 2, by utilizing the compression method, we can
further reduce the redundancy (see the following lemma).

Lemma 2: Let h be constructed as in Lemma 1 and n1 =
2(s + 2) log(n0) + o(log(n0)). There exists a function g :
{0, 1}n0 → {0, 1}n1 such that for any x ∈ {0, 1}k, h(x) can
be recovered from g(h(x)) and any y ∈ B1,s(h(x)). Moreover,

g(h(x)) can be computed in time O
(

(n0)
s+3

)

, and h(x) can
be computed from g(h(x)) and y in time O

(

(n0)
s+2

)

.
Now, we can present our main result of this paper.
Theorem 1: Let f be constructed with L = n1. The encod-

ing function E defined by (1) gives a systematic single-deletion
s-substitution correcting code C of length n = n0 + n1 + n2.
The redundancy r(C ) of C satisfies r(C ) ≤ (3s + 4) log n +
o(log n), and the encoding and decoding complexity of C are
O

(

ns+3
)

and O
(

ns+2
)

, respectively.

IV. DISCUSSIONS AND FUTURE WORK

The key improvement of our construction is a pre-coding
process using the BCH codes, i.e., the function h constructed
by Lemma 1. This technique can also be generalized to the
construction of t-deletion s-substitution correcting codes for
t > 1 such that the redundancy decreases by s log n compared
to the construction in [10].

Using a similar approach of pre-coding we can obtain
an explicit construction of t-deletion correcting codes whose
redundancy is (4t− 1) log n (improved by log n compared to
the construction in [10]). Another possible line of research
is nonbinary t-deletion s-substitution correcting codes. For
nonbinary case, we can use codes from [14] for pre-coding.
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