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Abstract—The data read system for NAND flash memory can
be modeled by a DMC channel with unknown channel transition
probabilities. However, LDPC decoders need a channel estimate,
and incorrect channel estimation degrades the performance of
LDPC decoder. This abstract proposes using the EM algorithm
to estimate channel transition probabilities, needed to compute
LLRs for the LDPC decoders. At word-error rate 10− 5, the
performance of the EM system was only 0.02 dB loss compared
to the system that knows the channel exactly.
Index Terms—expectation maximization algorithm, NAND
flash memory, binary asymmetric channel, discrete memoryless
channel.

I. I NTRODUCTION
NAND flash memory systems read data by setting a threshold to obtain binary channel outputs, but the allowed number
of reads is limited. Due to manufacturing variations, device
aging and high storage temperature, the true underlying channel parameters may be difficult to model accurately. Thus,
the channel can be approximated by a discrete memoryless
channel (DMC) with unknown channel transition probabilities
and a small number of outputs. Low-density parity-check
(LDPC) decoders require a channel estimate, and incorrect
channel estimation degrades the word-error rate (WER) of the
LDPC decoder.
In this abstract, the expectation maximization (EM) algorithm is used to estimate unknown DMC transition probabilities. In general, the EM algorithm estimates the parameters
of a statistical model. The LDPC decoder plays a key role,
providing a priori estimates of the code bits, required by the
EM algorithm.
The only previous work we are aware of applying the EM
algorithm to DMC estimation is by Boutros et al. [1]. This
work also includes an LDPC code to aid estimation. However,
only the symmetrical errors-and-erasures channel with three
outputs was considered, whereas our aim is to consider general
DMC channels. [2] proposed alternative methods using ML,
MAP or MSE for estimating the flash memory error model.
However, those metrics are calculated based on the number of
bits that were read from the same voltage bin and participate
in unsatisfied parity check equations, whilst the EM algorithm
does not need above information. Recurrent neural networks
(RNNs) can also be applied to this problem; the method
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Fig. 1. Block diagram for an LDPC-coded NAND flash memory system. The
decoder uses the EM algorithm in turbo equalization-style setting.

proposed in [3] is targeted at NAND flash memories, but
requires a large amount of training data, whereas the EM
algorithm requires no training data.
II. EM ALGORITHM
Consider a statistical model which produces an observed
sequence y, and has an unobserved sequence x. These
are generated by a set of unknown parameters, represented
by the vector p. Maximum likelihood estimation p∗ =
arg maxp log Pr[y|p] is usually computationally intractable.
The EM algorithm is an iterative method to estimate the
unknown channel parameters p. The following is the general
EM algorithm [4, p. 441]:
1) Choose initial pold .
2) E Step Evaluate Pr(x|y, pold ).
3) M Step Evaluate
X
pnew = arg max
Pr(x|y, pold ) log Pr(x, y|p) (1)
p

x

4) Check for convergence of the log likelihood or the
parameter values. If convergence is not achieved, then
pold ← pnew and go to Step 2.
With each iteration, the log-likelihood will increase until it
approaches a local maximum.
While the EM algorithm can be applied to general DMCs,
for clarity the description is given for a general two-output
channel; this may be termed the binary asymmetric channel
(BAC). The BAC has error probability pY|X (1|0) = p0
and pY|X (0|1) = p1 . The channel input sequence is x =
(x1 , x2 , . . . , xn ) and the channel output sequence is y =
(y1 , y2 , . . . , yn ). The a priori information is l = (l1 , l2 , . . . , ln )
where li = Pr[Xi = 0]. The goal is to estimate the BAC
error probability pb0 , pb1 from yi and l1 , . . . , ln using the EM
algorithm.

For the E Step, use the initial estimates pb0 ← pold
0 and
pb1 ← pold
,
and
compute
the
function
q(x,
y,
l)
given
by:
1

(1−b
p0 )l
if (x, y) = (0, 0)

(1−b
p0 )l+b
p1 (1−l)




p
b1 (1−l)

pY|X (y|x)pX (x)  (1−bp0 )l+bp1 (1−l) if (x, y) = (1, 0)
=
p
b0 l

pY (y)

if (x, y) = (0, 1)

p
b0 l+(1−b
p1 )(1−l)



 (1−bp1 )(1−l)
if (x, y) = (1, 1)
p
b0 l+(1−b
p1 )(1−l)
(2)
For the M Step, perform the following optimization:
pb0 , pb1 = arg max
p0 ,p1

n X
X

q(xi , yi , li ) log pXY (xi , yi ).

(3)

x

i=1

Using Lagrange multipliers, the estimates pb0 and pb1 are:
P
i:yi =1 q(0, 1, li )
P
(4)
pb0 = P
i:yi =1 q(0, 1, li ) +
i:yi =0 q(0, 0, li )
P
i:yi =0 q(1, 0, li )
P
pb1 = P
(5)
i:yi =0 q(1, 0, li ) +
i:yi =1 q(1, 1, li )

Fig. 2. WER results for channel with offset a = 0.5. Rate 8/9 LDPC code
with n = 4608 (solid lines) and 36864 (dashed lines).

III. LDPC- CODED NAND FLASH MEMORY SYSTEM
Consider the use of the EM algorithm in the following
LDPC-coded system in Fig. 1. Information u is encoded
to an LDPC codeword x of an (n, k) LDPC code. Then,
the codeword c is programmed to each cell of NAND flash
memory. To model possible charge leakage, a constant offset
a ≥ 0 is subtracted from programmed levels. Additive white
Gaussian noise zi , with mean 0 and variance σ 2 , is added
to the signal yei = xi + zi − a, for i = 1, . . . , n. The SNR
definition is 1/σ 2 . To model the NAND flash read process, ye
is quantized to two levels by a threshold at 0, producing two
channel output levels. This is a binary asymmetric channel
(BAC) where the error probabilities p0 , p1 depend on a, σ 2 .
Numerical evaluations are performed using this channel.
The (4608,4096) and (36864,32768) LDPC codes have rate
8/9, column weight of 3, and the row weight varies from 26–29
and 26–28, respectively. This LDPC code is constructed using
the progressive-edge-growth (PEG) algorithm [5]. For the
LDPC decoder, we use the belief propagation (BP) algorithm.
Numerical results for three systems are shown in Fig. 2.
In the nonblind system, the detector knows pxy exactly and
these are used in channel estimation. Decoding is performed
for ILDPC = 30 and 90 iterations. This represents the ideal
case, since the channel is known.
In the blind system, the detector does not know pxy .
Instead, it assumes a symmetric channel with low SNR,
\
specifically b
a = 0 and SN
R = 5 dB. Decoding is performed
for ILDPC = 30 iterations.
In the EM system, the decoder uses the EM algorithm
in a turbo equalization-style setting, as shown in Fig. 1.
Initially, the decoder has no knowledge of pxy and makes an
initial estimate pbxy . This is used to compute LLRs, Lin =
p
b i
Pr[x=0|yi ]
= log pb0y
. Using these, the LDPC decoder
log Pr[x=1|y
i]
1y
i

operates for ILDPC iterations, and produces soft outputs l. Next
the EM algorithm performs channel estimation. It has inputs
y, a priori information l and the old estimate pbold
xy . It operates
for IEM iterations. It outputs a new channel estimate pbnew
xy . This
is used to improve the computation of the LLRs, which is used
for the next ILDPC decoding iterations.
In the numerical results, the EM system initially assumes the
same conditions as the blind system. Three iteration schedules
are shown, ILDPC × Iturbo = 10 × 3, 15 × 2 and 30 × 3. The EM
algorithm operates for IEM = 8 iterations. The results show
that the 15 × 2 and 30 × 3 EM system give the closet WER
to the nonblind system with ILDP C = 30 and 90 iterations,
respectively. The 10 × 3 EM system loses the performance
around 0.1 dB due to worse estimation of pbxy .
The main conclusion from the numerical results is that the
EM algorithm can estimate unknown channel error probabilities well enough to provide the similar WER as the nonblind
detector which knows the channel exactly. This is about 0.3 dB
better than the blind system which has no channel knowledge.
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