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Abstract—Permutation codes have recently garnered substan-
tial research interest due to their potential in flash memories. We
study the theoretical bounds and the constructions of permutation
codes in the generalized Cayley metric. The generalized Cayley
metric captures the number of generalized transposition errors
in a permutation, and subsumes previously studied error types,
including transpositions and translocations, without imposing
restrictions on the lengths and positions of the translocated
segments. Relying on the breakpoint analysis proposed by Chee
and Vu, we propose a coding scheme that is order-optimal.

I. INTRODUCTION

Permutation codes have recently garnered substantial inter-
est due to their potential in flash memories [1]. In recent
years, permutation codes in the Kendall-τ metric [2] and
Ulam metric [3] have been intensely studied. Based on the
frameworks in the Ulam metric, Chee and Vu introduce the
so-called generalized Cayley metric that captures the number
of generalized transpositions between two permutations [4].
Generalized transposition errors subsume transpositions and
translocations that the Kendall-τ metric and Ulam metric
describe, when no restrictions are imposed on the positions
and lengths of the translocated segments.

Codes in the generalized Cayley metric were first studied
by Chee and Vu in [4] using breakpoint analysis, and they
proposed a coding scheme based on the construction of
permutation codes in the Ulam metric in [3]. Let N be the
codelength, the interleaving technique used in that scheme
inevitably incurs a noticeable rate penalty of O

(
1

logN

)
. As

we show later, the best possible rate of a length-N code that
corrects t generalized transposition errors is 1−O( tN ). When
t is small compared to O( N

logN ), the gap between the rate
of existing codes based on interleaving and the optimal rate
increases with N , thus motivating the need to introduce other
techniques that are not based on interleaving. All the details
can be found in [5].

II. MEASURE OF DISTANCE

A. Generalized Cayley Metric

A generalized transposition φ (i1, j1, i2, j2) ∈ SN , where
i1 ≤ j1 < i2 ≤ j2 ∈ [N ], refers to a permutation
on [1 : N ] that is obtained from swapping two segments
e [i1, j1] and e [i2, j2] in the identity permutation e, namely,
φ (i1, j1, i2, j2) , {1, · · · , i1 − 1, i2, · · · , j2, j1 + 1, · · · , i2 −
1, i1, · · · , j1, j2+1, · · · , N}. Denote the set of all generalized
transpositions on a permutation on [1 : N ] as TN . For each

π ∈ SN and φ (i1, j1, i2, j2) ∈ TN , the permutation obtained
from swapping two segments π [i1; j1] and π [i2; j2] is exactly
π ◦ φ.

Definition 1. (Generalized Cayley Distance, cf. [4]) The
generalized Cayley distance dG(π1, π2) is defined as the
minimum number of generalized transpositions that is needed
to obtain the permutation π2 from π1, i.e.,

dG(π1, π2) ,min
d
{∃ φ1, φ2, · · · , φd ∈ TN ,

s.t., π2 = π1 ◦ φ1 ◦ φ2 · · · ◦ φd}.
(1)

Notice that the generalized Cayley distance dG between two
permutations is hard to compute, which makes it difficult to
construct codes in the generalized Cayley metric. The common
method to solve this problem is metric embedding, where we
find another metric that is computable and is of the same order
as dG. Then we are able to transform the construction of codes
in dG into that in the new metric. This new metric is the block
permutation distance we introduce next.

Definition 2. The block permutation distance dB (π1, π2)
between two permutations π1, π2 ∈ SN is equal to d if

π1 = (ψ1, ψ2, · · · , ψd+1) ,

π2 =
(
ψσ(1), ψσ(2), · · · , ψσ(d+1)

)
,

(2)

where σ ∈ Dd+1, ψk = π1 [ik−1 + 1 : ik] for some 0 = i0 <
i1 · · · < id < id+1 = N , and 1 ≤ k ≤ d+ 1.

Lemma 1. For all π1, π2 ∈ SN , we have:

dG (π1, π2) ≤ dB (π1, π2) ≤ 4dG (π1, π2) . (3)

III. THEORETICAL BOUNDS

A subset CG (N, t) of SN is called a t-generalized Cayley
code if it can correct t generalized transposition errors. Any
t-generalized Cayley code has minimum generalized Cayley
distance dG,min ≥ 2t + 1. Similarly, a subset CB (N, t) of
SN is a t-block permutation code if its minimum block
permutation distance dB,min ≥ 2t + 1. Denote the optimal
code rate of CG (N, t) and CB (N, t) as RG,opt (N, t) and
RB,opt (N, t), respectively.

Theorem 1. For fixed t and sufficiently large N , the optimal
rates satisfy the following inequalities,

1− c1 ·
2t+ 1

N
≤RB,opt (N, t) ≤ 1− t

N
,

1− c1 ·
8t+ 1

N
≤RG,opt (N, t) ≤ 1− c2 ·

4t

N
,

(4)



where c1 = 1 + 2 log e
logN , c2 = 1− 3(log t+1)

4(logN−1) .

Theorem 1 indicates that the rate R = 1−O
(
t
N

)
is order-

optimal for both the t-generalized Cayley codes and the t-
block permutation codes. We know from Lemma 1 that any 4t-
block permutation code is also a t-generalized Cayley code. In
the sequel, we thus focus on the construction of order-optimal
t-block permutation codes.

IV. CONSTRUCTION

A. Encoding Scheme
Definition 3. The characteristic set A(π) for any π ∈ SN is
defined as the set of all consecutive pairs in π, i.e.,

A(π) , {(π(i), π(i+ 1)) |1 ≤ i < N}. (5)

Denote the set of all ordered pairs of non-identical elements
from [N ] as P , then |P | = N2−N . From Bertrand’s postulate,
we can find a prime q such that |P | ≤ q ≤ 2|P |. Let u : P →
Fq be an injection from P to Fq , where Fq is the Galois field
of order q. For all π ∈ SN , let g(π) be the image of A(π)
under u. We define a surjection h : SN → F4t−1

q as follows:

h(π) , (α1, α2, · · · , α4t−1) , (6)

where αk ≡
∑

b∈g(π)
bk mod q for all 1 ≤ k ≤ 4t− 1 .

Construction 1. For all α ∈ F4t−1
q , let the t-block permuta-

tion code with parity check sum α be defined as follows

Cα(N, t) = {π|π ∈ SN , h(π) = α}, (7)

where h is defined in (6).

Remark 1. In Construction 1, suppose the codebook with
maximal cardinality has parity check sum αmax, then
Cαmax

(N, t) is order-optimal.

B. Decoding Scheme
In this subsection, all the polynomials as well as the

polynomial operations are defined in Fq . For an arbitrary
π ∈ SN , define

f(X;π) ,
∏

b∈g(π)

(X + b) = XN−1+

N−1∑
i=1

ai,πX
N−1−i. (8)

Suppose the transmitter sends a codeword π ∈ SN from
the codebook Cα(N, t) and the receiver receives π′, where
dB(π, π

′) ≤ t. Denote f1 , f(X;π), f2 , f(X;π′). Let
ai = ai,π and a′i = ai,π′ for all 1 ≤ i < 4t. Let B′ = g(π′).
The following Algorithm 1 describes our coding schme, where
b =

(
a′1, · · · , a′4t−1

)T − (a1, · · · , a4t−1)T , and

A =

1 0 · · · 0 1 0 · · · 0

a1 1
. . .

... a′1 1
. . .

...
...

...
. . . 0

...
...

. . . 0
at−1 at−2 · · · 1 a′t−1 a′t−2 · · · 1

...
...

. . .
...

...
...

. . .
...

a4t−2 a4t−3 · · · a3t−1 a′4t−2 a′4t−3 · · · a′3t−1


.

Algorithm 1 Decoding Algorithm
Input:

Prior knowledge: α;
Received sequence: π′;

Output:
Estimated codeword: π̂;

1: Compute the coefficients of f2: {a′

i}
4t−1
i=1 and B′ from π′;

2: Compute the coefficients of f1: {ai}4t−1i=1 from α by
Newton’s Identities;

3: Find a solution c of Ac = b;
4: Compute h1 = Xt + c1X

t−1 + c2X
t−2 + · · ·+ ct, h2 =

Xt + c′1X
t−1 + c′2X

t−2 + · · ·+ c′t;
5: Compute γ1 = gcd(h1, h2), γ3 = h1

h , γ2 = h2

h ;
6: Find the set of negative roots of γ2 and γ3 to be D1, D2,

respectively;
7: Compute π̂ = g−1 (D1 ∪ (B′ \D2));
8: return π̂;

C. Rate Comparison with Interleaving-based scheme

From Lemma 1, we can construct a t-generalized Cayley
code CG(N, t) = Cα(N, 4t) with rate RG(N, t) using Con-
struction 1. In [4], a t-generalized Cayley code AρgC(N, t)
with rate RρgC(N, t) was constructed. The following Lemma
2 proves the efficiency of our scheme.

Lemma 2. RG(N, t) > RρgC(N, t) when t < N
(16 logN+8) for

sufficiently large N .

V. CONCLUSION

Permutation codes have been shown to have potential in
flash memories. In this work, we studied the permutation codes
in the generalized Cayley metric. Interleaving was previously
shown to be efficient in constructions of permutation codes in
the generalized Cayley metric. However, interleaving incurs a
noticeable rate penalty such that the constructed permutation
codes cannot be order-optimal. We presented a construction
of order-optimal permutation codes. Our proposed codes are
more rate efficient than the existing coding schemes based on
interleaving, in the regime of sufficiently large N and small t.
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